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DETERMINATION OF THE DYNAMIC SHEAR MODULUS AND
THE DEPTH OF THE DOMINANT LAYER OF A VIBRATING

ELASTIC MEDIUM

A. O. AWOJOBI

Department of Mechanical Engineering, University of Lagos, Nigeria.

Abstract-It is shown that errors up to 20 per cent can arise in the estimation of the dynamic shear modulus
of the foundation under a vibrating structure if the foundation, as hitherto generally assumed, is regarded as an
isotropic half-space instead of an isotropic stratum on a relatively rigid bed which, in many practical cases, is a
more realistic model. The problem then reduces to the determination of the depth and the shear modulus of some
layer immediately under the structure, for this governs more the response of the structure than does the average
modulus of the entire medium.

The present work, based on recent results of the torsional vibration of a rigid circular body on an elastic
stratum, corrects these errors by first establishing in a novel manner the depth of this dominant layer and then
determining its shear modulus. Test procedure and the choice, with magnitude, of parameters to be used in order
to obtain reliable results are given. The work also gives the method of detecting cases in which the vibrating
medium cannot be replaced by the theoretical model on which it is based.

1. INTRODUCTION

IN THIS age of rocketry and heavy machinery, when the soil is continualiy subjected to
dynamic loading, a realistic evaluation of the soil resistance based on its dynamic elastic
properties is essential. The :mccessfullaunching of space-crafts and the safety of such large
structures as buildings, dams and bridges vibrating on their foundations require some
accurate knowledge of the elastic constants. It has been recognized for a long time that such
an evaluation of soil constants has to be carried out in situ since static laboratory tests as in
triaxial loading of a soil sample gives a much lower value of the elastic modulus than under
dynamic conditions. The change in soil compaction is not a major cause of this difference
because an in situ static test would also give a much lower value than the dynamic modulus.

One method of determining the dynamic modulus of elasticity, usualiy employed by
earthquake engineers, is based on a measurement of the velocities of waves of dilatation
(Push Waves) and of distortion (Shear Waves). The source of wave propagation is either
a detonated seismic charge or the impact of a sledge-hammer on a metal plate. The pulse
is received by a geophone connected to a seismograph, essentialiy a timing unit, and placed
at a known distance from the wave source. This method has the disadvantage that it requires
a knowledge of the Poisson's ratio of the soil because, in practice, only the arrival of the
first pulse corresponding to compressional or push waves is clearly distinct. The slower
waves-shear waves and Rayleigh surface waves-are generaliy indistinguishable. Seismo
logists, therefore, generaliy assume a value for Poisson's ratio. Also, this method is insensi
tive to the dependence of the modulus on the strain imposed on the soil since only very smali
strains are involved in the procedure unlike those imposed on soils under large vibrating
structures.
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Resonance techniques based on the vertical vibrations of a rigid circular body excited
by an electromagnetic vibrator are now being accepted as a very convenient procedure of
in situ experiments as shown in references cited by Grootenhuis and Awojobi [I], who have
used this method to determine the dynamic elastic constants of London Clay on a site al

Imperial College Field Station, near Ascot. However, the theory for analysing results is
difficult and, even on an assumption of an isotropic half-space, only approximate solutions
are known. Also, the problem unavoidably depends on Poisson's ratio of the soil as in the
case of measuring dilatational wave velocity.

It was first recognised by Reissner and Sagoci [2] that the torsional oscillation of a rigid
circular body on an elastic half-space can be used to determine the shear modulus of the
medium. Thesignificantadvantage of this method is that the mode ofvibration of particles in
the medium is such that only shear waves are propagated and, therefore. the th,..:ory is
completely independent of Poisson's ratio. Unfortunately, the authors' proposals of
determining shear modulus based on the measurement ofthe phase lag between the in-phase
and quadrature components of stress cannot be expected to give accurate results. Indeed, as
it has been discussed by Grootenhuis and Awojobi [1]. any measurement that involves
"dispersion damping", that is, energy dissipation due to the dispersion of waves in the
medium, is unreliable because 'thermal damping', inherent in the medium by virtue of
friction due to relative motion between its particles, is not taken into account. Thus, phase
angle or amplitude ofdisplacement should not be used directly in calculating results except
as a means of detecting resonant frequency which is much less dependent on damping than
either of the above parameters. Robertson [3], without these pertinent comments, has
rightly suggested the use of resonant frequency in determining shear modulus lIsing his
theory for torsional oscillation of a rigid circular body on an elastic half-space.

The present work breaks through one of the great setbacks that resonance techniques
suffer-the assumption that the soil has constant elastic modulus and is uniformly com·
posed to an infinite depth. Reliance on this simplifying assumption has hitherto been due
to lack of an adequate theory for the mixed boundary-value problem of vibration of rigid
bodies on an elastic stratum. In a most recent work [4], the author has proposed a theory
for the torsional oscillation ofa rigid circular body on an infinite elastic stratum. The theory
shows good agreement with published experimental data and reduces to the asymptotic
case of a semi-infinite medium. The theory can now be reliably used to determine the depth
and the shear modulus of the top or dominant layer of a semi-infinite medium which, other
wise, would have been assumed to be of uniform composition. Since the depth is also given
referred to the base radius of the rigid circular body as unit, this new method conversely
establishes implicitly the range of base radius that should be used, in a case where the tester
has some idea of the depth of the top soiL in order that the dominant stratum might be a fair
approximation to a semi-infinite medium. The work also defines the range of inertia ratios
of the rigid body for which resonant frequency is substantially sensitive to changes in
stratum depth. Finally, from these factors and the experience of the author in previous field
tests [1] recommendations are made on choice of parameter sizes and on test procedure.

2. GOVERNING EQUAnONS

The torsional vibration of a rigid circular body on an infinite elastic stratum and sub
jected to a sinusoidal torque has been exactly reformulated by the author in the work [4]
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already cited in terms of the dual integral equations:

l oo tanh((x)l) ( - d - (0 - 1)---- F('1)J 1 '1r) '1 = cr < r <
o (X2

IX:' F('1)JI('1r)d'1 = 0 (r> 1)
(1)

which, at present, cannot be solved exactly and in which the notation of the previous work is
retained.

By using the new approximation tanh x ="= x/(l + X
2)1/2 for all real values of x, and

substituting in the above it has been found that a stratum excited at a frequency factor '12
behaves approximately as a semi-infinite medium excited at an equivalent frequency factor
172e related to the stratum depth, h referred to the base radius, by the equation

'12e = ('1~ _1/h2)1/2. (2)

It is ultimately established that the torsional displacement amplitude of the rigid body can
be expressed as

(3)

where

and

Q = 0'755'1~e(l-0'56'1L+0'216'1ie-0'040'1~e+0'0027'1~el

where J = J /pR 5 is the non-dimensional polar inertia of the body on a medium ofdensity p.

3. ERRORS IN SHEAR MODULUS DUE TO ASSUMPTION OF A SEMI-INFINITE
MEDIUM

Equation (3) has been used to generate the response curves shown in Fig. 1. Inertia
ratios J from 1 to 40 on media of non-dimensional depths h = 1,2,3,4,5 and 00 are used
and these are sufficient for most practical cases. The same curve is used for more than one
value of h if the difference is so small that graphical representation on the chosen scale
cannot reasonably justify their separation. The form of these curves has already been
discussed in the work cited and shall not be repeated here.

It is pertinent to recall now that shear modulus, G is related to frequency factor, '12 by
the expression '12 = RQ/C2 where Q is frequency of excitation and C2, the velocity of waves
of distortion, is given by

C2= A·
Thus, by measuring resonant frequency experimentally shear modulus will be calculated
from

(4)
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FIG, L Resonance curves for rigid circular bodies ofdifferent inertia ratios, J, on strata ofdifferent depths, Ii,

If a semi-infinite medium is assumed as, for example by Robertson [3] then the resonant
frequency factor, 112, to be used in equation (4) will correspond to the peak of the curve of
h = iX) for the chosen inertia ratio J Equation (4) shows that G is inversely proportional to
the square of frequency factor thereby emphasizing the need to use the correct curve of
non-dimensional depth especially for low inertia ratio bodies. Thus, in the case of j = 1, if
the stratum depth is actually Ii = 1 with 112 = 1,83, then the value of G, calculated on an
assumption of a semi-infinite medium with YJ2 = 1·67 at resonance, is readily shown to be
greater than, and with 20 %in error of, the correct value of G.

This section, therefore, establishes the fact that ifall that is requited is the shear mOdulus,
then the resonant frequency factor of high inertia ratio bodies (j ::::: 40) can be used with
negligible error for all values of stratum depth greater than the base radius. The main source
of error in this case may arise from the practical measurement of the resonant frequency
because large bodies tend to produce large strains from which non-linear effects would
change the soil stiffness and, consequently, resonant frequency. This is overcome by the
method of measurement discussed later.

4. DETERMINATION OF THE DOMINANT LAYER DEPTH

In many large structures, it is usual to find that the soil changes in form before a depth
comparable with the base dimensions is reached. The response of such structures to
exciting forces may critically depend on determining the depth of the top soil since this
provides a great part of the resistance the soil offers to disturbing forces on the structure.
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All that is required is to measure the resonant frequencies Oa and On corresponding to
two inertia ratios of the rigid body. Assuming that the base radius is unchanged and that the
shear modulus is independent of frequency then, from equation (4)

(5)

Thus, if for any suitable pair of inertia ratios a plot of 112)Yf 2 b at resonance against Ii is made,
then the appropriate Ii can be found in a given experiment in which the left-hand side of
equation (4) has been determined by measuring Qa and Oil' Such a family ofcurves is given in
Fig. 2 where resonant frequency factors '12 a and '12b have been derived from enlarged por
tions of Fig. 1 in the vicinity of the peaks. The pairs of inertia ratios have been suitably
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FIG. 2. Curves for the determination of the unknown depth, ii, of the dominant layer.

chosen as extremes of heavy and light rigid bodies to ensure sensitive dependence on fi.
It is useful to note that the resonant frequency factor for high inertia ratios (i ;;:: 40) in

which the depth Ii is such that 0 :s; 'he :s; 0-5 can be calculated within 1%error on the
assumption that the expression P in equation (3) vanishes. Furthermore, in this range of 112"
we may neglect terms of order Yf1".

We, therefore, readily find that for high inertia ratio bodies

or

( 1'07)/Yf~ =:= S-33 + fi2 (j +1.07) (6)
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where use has been made ofequation (2) in eliminating lJ~e' Equation (6) reduces, in the case
of the semi-infinite medium to

5-33

+1-07 m

which is used in Table I to compare with the results of Robertson [3J as shown in Tabh: II of
his work. The Table shows that equation (7) can be used with negligible error for all J
greater than 40.

TABLE l.

j Resonant frequency factor, 112

20
30
40
50

\Robertson)

0-505
00415
0-361
0-323

tAwojobi)

0-502
OAI4
0-361
0-323

It should also be noted that when the measured ratio lies outside the curve, the experi
ment can be repeated with a suitable change of base radius to ensure that the point lies
within the range of the curve.

It is also important to note that it has been assumed in the above that the medium
behaves as the equivalent ofan infinite elastic stratum ofconstant shear modulus and resting
on a rigid foundation. The argument has been set out in the previous work [4J that this
assumption is not unreasonable in many practical cases. However, where the medium
behaves otherwise, the depth determined above will not be of any practical use since the
performance of rigid bodies of other inertia ratios cannot be predicted from the depth and
shear modulus consequently determined.

In order to ascertain that the model is useful, it is necessary to carry out the test for
other pairs, or at least one more pair, of inertia ratios. If the values of fi obtained in the
several cases agree within reasonable limits then the medium is behaving as the above
theoretical model. Also, the curves in Fig. 1 show that, provided fi > 5, the resonant
frequency factor for a given inertia ratio does not sensitively depend on further increase of ii.
Therefore, even if the values of fi for several pairs of inertia ratio do not agree but are all
greater than 5, we can conclude that the medium is uniformly composed or equivalent to a
uniformly composed stratum of depth fi of at least 5 since all the several fi would give
approximately same shear modulus so that the performance of any other rigid body can be
predicted within reasonable limits.

5. DETERMINATION OF THE SHEAR MODULUS

Now that the depth h has been determined, we can now revert to Fig. I and using the
appropriate h curve we determine the resonant frequency factor 1J2 and calculate G using
equation (4).
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It is desirable, for accurate results, to use equation (3) at very small intervals of ilz to
obtain the resonance curve in the neighbourhood of the peak to establish as accurately as
possible the value of resonant frequency factor.

6. TEST PROCEDURE FOR ACCURATE MEASUREMENT OF
RESONANT FREQUENCY

Equation (4) shows that just as it is important to use the appropriate theoretical resonant
frequency factor, 112 so also it is important to measure as accurately as possible, the resonant
frequency n especially when Gdepends on the square ofeach ofthese quantities. The experi
ence of the author as recorded in the work cited [I] shows that soil dynamic properties are
sensitive to strain amplitudes so that any measurement of resonant frequency based on
varying the amplitude cannot be reliable especially when, by this method, resonance occurs
at maximum amplitude. Also, this method cannot establish whether the range of amplitude
encountered especially in the vicinity of resonance is not beyond the elastic range.

The above considerations led the author to appreciate in [1] the importance of the
following alternative method of measuring resonant frequency of any system which may
exhibit non-linearity: the amplitude should be set to a small constant value whilst the
exciting force is changed; resonant frequency will then correspond to the position of mini
mum exciting force. The onset of non-linearity can be detected by increasing the set ampli
tude. At low amplitudes, that is, within the elastic range the minimum force will occur at the
same frequency. As the set amplitude is gradually increased a shift of the minima to the left
(indicating a softening of the ground or reduced stiffness) or, as may rarely happen, to the
right (indicating increased stiffness) clearly establishes the onset of nonlinearity.

7. CONCLUSIONS

The dynamic shear modulus of an elastic medium can now be determined without
assuming that the medium is a semi-infinite isotropic medium. Rather, a novel method of
determining the depth of the most active or top layer of soil immediately under a vibrating
structure has been established so that the shear modulus of this active layer is more accur
ately found. Therefore, the response of the structure which depends more on this active
layer than on the entire medium can be better predicted than hitherto possible.

It is emphasized that resonant frequency is the most convenient parameter to measure
in order to achieve accurate results as this is not greatly affected by thermal damping which
no theory takes into account. It is important to measure resonant frequency accurately and a
procedure to ensure the elimination of non-linear effects on resonant frequency, invariably
exhibited by soil, has been discussed. It has also been remarked that this resonance technique
of finding dynamic shear modulus based on torsional vibration of the medium has a great
advantage over all other existing methods because it is independent of the Poisson's ratio of
the medium, another unknown elastic constant.
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A6cTpaKT--TIoKa3aHo, 'iTO norpelliHOCTl1 MoryT ,L\OCTllrHYTb 20 % npll onpeAelleHlltf ,L\llHaMHyeeKoro

MO,L\ynll CABllra OCHOBaHl111 no)]; KOlle6aTeJIbHOH Cl1CTeMOH, eCJIll OCHOBaHlle, KaK nOApa3YMl1BaeTCH

AO ClIX nop, paCCMaTpl1BaeTCll B BlIAe H30TponHoro nOJIynpocTpaHcTBa BMCCTO 1I30TpOnHoro CJIOJl, Ha

OTHOCl1TeJI.bHO lKCCTKOM OCHOBaHllll. HOBoR Tlln OCHOBaHIUI, AllJl 60JI.bIllMHCTBa npaKTHyecKlIx cny'iaeB,

OKa3.blBaeTClI 60nee peaJIbHoll. MOAeJI.bIO. 3aAaya CBOAllTeJl K orrpe.lleJIeHMIO rJIy611H.bI H MO.llYJIJI C,llBl1ra

HeKOToporo eJIOSl, HenoepeneTBeHHo no.ll CI-ICreMOH, rroeToMy, 'ITO lTHe npeJInOJIOlKeHHlI onpe.llenHlOT

60JIee nOBeAeHlIe ClICTeMl>I, yeM 3TO npOllCXOAMT B eJIY'lae rrOJIb30BaHHlI Cpe)1,HeM MO)1,yJIeM BceH Cpe)1,bl,

TIpe.llJIaraeTCSl pa60Ta, OCHOBaHHall Ha nOCne,L\HHX pe3YllbTaTaX HCCne)1,OBaHHlI KpyTHlll>HbIX KOJIe6aHllH

lKeCTKoro KpynlOro TeJIa Ha ynpyroM OCHOBaHlIH, nOnpaBJIlIeT 3TH norperuHocTH BO nepBblX nyTeM

BBe,!l,eHHlI y'ieTa, HOBblM cnoco6M, TOJIIllllHbI npeo6na.llalOlI.\erO cnOll, H ,!I,aJIee, rryTeM onpeAeneHHll

MO,l:\YJIH C.llBllra. )l;alOTClI cxeMa llCn.bITaHllll H Bbl60p BeHH'iHHbI HenOJIl>30BaHHbIX napaMeTpOB, c l\eJIbfO

nony'ieHHll Ha,!l,elKHblX pe3ynbTaTOB. Pa60Ta ,l:\aeT TaKlKe MeTO,!!, 06HapYlKeHlISI CJIyaeB, B KOTOpblX Kone6a

TeJIbHall cpe,L\a He MOlKeT 6MTb 3aMeHeHa TeopenlyecKoH MO,L\eJlBIO, 'Ha KOTOP0ll. OHa OCHOBaHa.


